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the circle is cut by the line CO’ passing through the center and the given point; and as 
the point P moves along the circle fromthe point A to the point B, the segment OP 
steadily decreases. 

The first part of this theorem is without difficulty.* The second part con- 
tains a number of points worthy of note and illustrating the care that must be 
exercised if one is not to fall into making gratuitous assumptions. In the first 
place there is the phrase ‘‘moves along the circle’ which certainly implies that 
the points of a circle may be considered to be situated in a natural order. In 
fact we shall consider that the points of a circle are ordered—this order being 
taken directly from the order of the semi-lines or. directions issuing from the 
center of the circle. As there is one and only one point on each semi-line and 
as the semi-lines are ordered this is both possidle and appropriate. © In the sec- 
ond place the words ‘‘steadily decreases’’ are likely to imply ‘‘constantly and 
continuously decreasing.’? As a matter of fact nothing is said concerning the 
continuity. It is, however, easy to remedy the deficiency by making use of the 
continuity among the directions issuing from the center of the circle. We 
may state 

Theorem 64. If the points of a circle be divided into two classes such that 
every point of the first class precedes every point of the second class, then there exists 
one point such that any point which precedes it lies in the first class and every point 
which follows it lies in the second. 

From the intuitive point of view it seems evident that the points on a cir- 
cle lie upon a smooth curve and are not scattered promiscously about from point 
to point on the surface. . This, however, is something to be proved; and besides, 
we have not yet said what a ‘‘curve’’ is, nor what ‘‘smooth’’ means. Let us prove 
the following theorem. 

Theorem 65. On the circle there are no isolated points; that is, if there be 
drawn a circle of radius ever so small about any point of a given circle, then there are 
other points of the given circle within it. 

Let O be any point of the given circle. Describe about O as center a cir- 
cle of arbitrary radius r. From M lay off a segment MN less than $r. Let 0 
be the center of the given circle. Consider the triangle MCN. On the other 
side of CN construct the triangle M’CN symmetrical to MON. M'C is congruent 
to MC and hence M’ lies on the circle. The line MM’ is perpendicular to CN and 
hence no greater than the sum of MN and M'N which is congruent to it. Hence 
MM’ is less than r; and the theorem is proved. 

Theorem 66. In the statement of Theorem 63 the words ‘‘steadily. decreases’’ 
may be replaced by ‘‘steadily and continuously decreases’’; that is: The segment CP 
takes on all possible values between the maximum CA _and the minimum CB. 

The proof is given by dividing all the points of the semi-circle AB into 
two classes such that for every point P of the first class CP is greater than or 
congruent to any assigned segment a which is between CA and OB and for every 


*The theorem that the sum of two sides of a triangle is greater than their third side and that the dif- 
ference of two sides is less than the third side are used in the proof. They are such immediate corollar- 
ies of theorem 59, that we have not seen fit to mention them in the text. 
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point P of the second class CP is less than a. All points save the end-points A 
and B belong to one of the classes. All points of the first class precede the 
points of the second (Theorem 63). Therefore there exists a point P° as speci- 
fied in Theorem 64. The segment OP° is congruent to the segmenta. For sup- 
pose that CP° were greater than a. It is possible to find (Theorem 65) a point 
P’ which follows P° and such that the chord P°P’ is less than the difference be- 
tween CP° anda. As the segment OP’ is greater than the difference of CP° and 
and P°P’, it is greater than a, although less than CP° on account of the fact that 
P’ follows P°. Thus there is found a point P’ which follows P°. Thus there is 
found a point P’ which follows P° and is in the second class and which is also 
such that CP’ is greater than a. The contradiction is apparent. In like manner 
CP° can be proved to be not less than a. It must therefore be congruent to a; 
and the theorem is proved. 

From this theorem it follows as an immediate corollary that two circles 
intersect in two points if the sum of the radii is greater than the segment which 
joins the centers of the circles and if at the same time the difference of the radii 
is less than that segment. In case that the sum is congruent to the segment the 
circles have one point.in common and all other points so situated that those on 
either circle lie without the other circle. In case the difference is congruent to 
that segment the circles likewise have one point in common, but the remaining 
points are so situated that all the points of one of the circles lie within the 
other. It may occur to some that these expressions are a long way of saying that 
the circles in the two cases are respectively internally and externally tangent. 
As yet, however, no mention has been made of tangents. The tangent is a more 
complicated conception, when analyzed carefully, than continuity and the rela- 
tions of within and without, such as have been used up to this point. 

Before leaving the class of questions with which we have been dealing it 
is well to note that the existence of the intersections of two cireles which fulfill 
the stated conditions may serve to prove 

Theorem 67. Given three segments with the condition that the sum of two is 
greater than the third and the difference of those two less than the third, then there can 
be constructed two triangles (the one symmetrical to the other) having the three seg- 
ments as sides. 

In most treatments the existence of such triangles is assumed instead of 
proved. We may also state that the theorem on the intersection of circles can 
be stated in the form: If two circles are so situated that there exists one point 
of one within and another point of the same one without the other, then the two 
cireles have two points incommon. The proof of this more general form is left 
to the reader. It establishes the fact that in the definition of ‘‘interior’’ in the 
ease of a circle the two points may be joined by an are of a circle, instead of by 
a line (see under Theorem 62 and in Lecture IV). We are also now in a posi- 
tion to give constructions for the middle point of a segment and for the bisector 
of an angle. 

Adequately to discuss many of the more advanced parts of Spherical Ge- 
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| ometry requires theorems analogous to those given in the previous Lecture (The- j 

orems 55, 56) for segments. Namely, it is necessary to know the rules govern- . 
ing the addition and subtraction of angles. If AOB and CO’D be two angles we : 
shall understand by their sum the angle AOD which is obtained by bringing F 
their vertices into coincidence in such a manner that the initial line OO of the 
second angle falls along the terminal line OB of the first angle. Evidently two 
cases arise according as the directions of rotation from OA to OB andfrom O’€ to ‘ 
O'D are the same or different. These distinctions arise in the case of angles, al- 4 
though they are not present in the case of segments, owing to the difference be- ¢ 
tween congruent and symmetrical angles. For the same reason the method of f 
proof given for the addition of segments cannot be applied to the addition of 
angles. The proofs may, however, be obtained by using the results obtained 
for segments. j 

Theorem 68. The sum a+b of two angles is congruent to the sum b+-a of the 
same angles added in a different order. 

There are several cases which arise and which must be considered separ- 
ately. These we leave to the reader with the hint that to effect a reduction to 
the theory of segments it is only necessary to describe a great circle about the 
vertex of the angle as center. Congruent or symmetrical angles intercept con- 
gruent segments in this great cirele or line, and conversely congruent segments 
subtend congruent or symmetrical angles. The theorems concerning subtraction 
are obtainable directly from those concerning addition by replacing the angle to 
be subtracted by its symmetrical and adding. By means of this theorem it may 
be shown that when the surface is rotated about a point O, every direction issu- 
ing from O moves through the same angle. Thus an angle is sufficient to deter- 
mino the amount of rotation about a point, without specifying any particular 
direction which is to be moved into some other specified direction. We might 
go on to show that any rigid motion of the surface is a rotation through a defin- 
ite angle (or its symmetrical) and about a definite point (or its antipodal). 

In discussing the subject of tangents in the special case of circles it is 
possible to give a special definition, namely, that: A line drawn perpendicular 
to the radius at its extremity is tangent to the circle. With such a definition the 
simpler geometric properties of tangents becomes evident: but it is by no means 
immediately demonstrable that the tangent is the limit of a secant when one of 
the two points of intersection of the secant and the circle approaches the other as 
a limit. It is not even evident that the limit exists. There are other problems 
in limits which occur naturally in elementary geometry. These are the deter- 
mination of the length of a circle or the area of a cirele. The length of a convex 
curve like the circle may be defined as the limit of the length of an inscribed or 
circumscribed polygon when the number of the sides increases indefinitely and 
the length of each side approaches zero as its limit. It is necessary to show that 
this limit exists and is independent of the way in which the polygon approaches 
the circle as its limit. The same is true in the case of area, which may be 
defined in a similar manner. As we have not yet established a measure of length 
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or area the discussion of the limits involved in their evaluation must be post- 
poned. The treatment of all problems in limits belongs essentially to the differ- 
ential and integral caleulus; and it might be far better to leave these difficult 
questions until the analytic means for adequately handling them have been 
developed. We shall, however, sketch in the ideas which come up in the proof 
that a tangent exists at any point Mofacircle. First choose a point P on one 
side of M and draw the secant MP. Then let P approach M asa limit. It may 
be shown that as P approaches M, the secant MP turns always in one direction 
about the point P. This comes of the fact that the circle is a convex curve. But 
MP does not turn as far as the line formed by producing the radius through P. 
Hence, analogously to Theorem 4, there exists a limiting direction of the secant 
MP. We have therefore established the existence of a tangential direction on ~ 
one side of the point M. By taking the point P on the other side we may like- 
wise establish the existence of a tangential direction on that side. These two 
directions may be shown to be opposite directions along the same line through 
M; and the proof of the existence of a tangent is then complete. With these 
suggestions we shall leave the problem to the reader. 


ON COMPLETE SYMMETRIC FUNCTIONS.* 


By DR. E. D. ROE, Jr., Professor of Mathematics in Syracuse University. 


PART I. INTRODUCTION. 


1. DEFINITIONS, NOTATION, AND OBJECT OF THE PAPER. 
let. Oe, , 4,5, , @,) be any rational function of the a’s. Let 


(; i,t i ) 9 ey , t, being some permutation of 1, 2, 3, ........., 
1°2°3 . 


then s is an operator which converts the index r into ¢;; also s applied to ¢, con- 
verts it into ¢,;, a function in which the a’s have been permuted. This 
is expressed by writing 


(1) 


Of such operators s there are n! Applying each one to $, we get $,, doy nn 
Let 


(2) 


Then @ is a symmetric function of the a’s. In particular cases it may happen 
that ¢,, ¢,, ~....... » m1, are not all different, but it can be proved that each dis- 


*A paper presented February 1, 1904, before The Mathematical Club of Syracuse University. 
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tinct ¢ is repeated the same number, r, of times, that the number of distinct ¢’s 
is n!/r, and that 


(3) =r(o,+¢,+ + @nrr)- 


We may observe that ® and a determinant A of the nth order are related to each 
other by means of s. For, by applying the different values of s to the second 
set of indices of the principal diagonal term a, , a, .......... Gyn, and also by simul- 
taneously taking account of the number of inversions of order, i, among i,, i, ,« 
We get, 


that is, we get every term of the determinant in question. Hence in general to 
every term of A corresponds a term of ®, and conversely, while in particular 
cases [as in (3)] to 7 terms of A may correspond the same term of @. 

We limit the present discussion to integral symmetric functions. It can 
be proved that integral symmetric functions can be reduced to sums of functions, 
each of which is homogeneous by itself, and of the type 


(5) a,P», with p, 2 py, 2 2 py, 2 90. 


This latter type is called a monomial symmetric function. It is often denoted by 


the symbol ( p,; py -....-... Pn). The number w=p, +p, +......... +p, is defined as the 
weight and the number p, as the order of the function. The simplest of 
the monomial symmetric functions are the elementary functions 


and the sums of the powers 
(7) 
A complete symmetric function of weight w is defined as the sum of all 


the monomial symmetric functions of weight w. It is here denoted by t,,.* 
We have 


For example, 
(9) +32,20,? + + 
*Other notations for tw are H(a,, a,, ...., an) aud nHw or JIw. Wronski designates H(a,, a,, ...., an) 


as the ‘‘Alephfunktion’’ of a,, a,, ..., an. C. Smith (Treatise on Algebra, p. 289, §250) uses »Hw, not to 
designate the function, but the number of terms contained in it, Burnside and Panton, Theory of 
Equations, 2nd Edition, p. 297, use JTw for tw, and the last three authors refer to the function as ‘‘homo- 
geneous products.’’ See further ‘‘Encyklopaedie der Mathematischen Wissenschaften,’’ Teil I, Band 
I, Heft 4, p, 465 
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We shall farther denote the elementary functions by the b’s, where b,= { 
a,/a,, and then 
(10) RG a,=(—1)’),, 
(11) +a, + ......... + OF +b,=—0, 


is the equation which has the a’s for roots. Also 


proposition), 

(13) =w, (the weight proposition), 

(14) Kok, +x,=7, s=p,, (the order proposition). 


The ¢’s are analogous to the 6’s (or elementary symmetric functions) in many of 
their properties,* while in other relations they play a rdle analogous to that of 
the s’s. 

The object of this paper is to state and solve some problems in symmetric 
functions, to sketch the theory of the ?’s, and to exhibit tables, which express 
up to weight five, homogeneous products of the ?’s in terms of homogeneous ‘ 
products of other symmetric functions, and vice versa, and to point out certain 
properties of such tables. 

2. THE STATEMENT OF SOME PROBLEMS IN SYMMETRIC FUNCTIONS. 

(i). On Expressibility. Fundamental Systems. 

Besides the problem on expressibility whose solution is stated in (12), 
others have arisen. This leads to the concept of a fundamental system. A fun- 
damental system for symmetric functions is any system of rational symmetric 
functions, by means of which any rational symmetric function can be rationally 
expressed. Of such systems the following are known to exist: 


In the we ayetemn the v’s are the first integers which are not multiples 


*This appears to have its basis in the relations expressed in (35) and (36) of this paper. 
+See Ency. der Math. Wiss. loc. cit., p. 455. 

{Contained in (12). 

§It can be proved that 


Pr) = » Where WU, ,=8p,, Wz Uy ,U, ip, 


=Sp,+p,+p, » ete. . 
This proves 8,, 8,, ...., 8n a fundamental system. See Am. Math. Monthly, Vol. 5, p. 161. 
||Proved by Borchardt. Gesammelte Werke, p. 107. 
qProved by Vahlen. Ueber Fundamentalsysteme fuer Symmetrische Functionen. Acta Mathemat- 
ica. Band 23, p. 91. ‘ 
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of a given integer, and this system is the generalization of and contains the two 
preceding systems. It is evident from (33) of this paper that 


(16) t,, t,, ’ te, ts, » t,, ts, ts; 


are also fundamental systems, but it would be interesting to know if the last two 
would remain fundamental systems, if such of the ?’s-were omitted as would 
make these systems analogues of the last two systems of (15). This question is 
left for future investigation. 

(ii). Other Problems. 

It is well known that the general equation (10) can not be solved algebra- 
ically when n>4, but in case the roots enter an expression symmetrically, it is 
not necessary to find them in order to find the value of the expression. Thus 
symmetric functions solve problems where all the roots enter symmetrically 
without the necessity of finding them: 

a. To find the general term in the development of 


b. To find the value of 
(18) x. 


The solutions of these problems are given later (Part IIT). 


PART Il. THE THEORY OF THE ?’S. 


We have 
(19) a" +b, +b, =(4—4, )......... (t—a,), 
(20) 140,241), 2? 1—a,z), whence 


1 
1+6,4+),2? +.......... ¥ 

In (22) the coefficient of z*=0, if r>0, hence 


(23) +a, +a,t,—=0. 


From the symmetry of (23) it follows that ¢, is the same function of the 
a’s that a, is of the ?’s. Changing r into r—1, ete., in (23) we obtain r equa- 
tions. Solving them for ¢,, and noticing that ¢,=-1, we have, 


*See Burnside and Panton, |. c., p. 297. 
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(24) a,"t,=(—1)° 


Also by the preceding remark, 
(25) 2.......... Ve 
Writing (21) in the form (1+6)-'=t, , where 


+b,2", and developing by the binomial and multinomial theorems, and equating 
the coefficients of 2", 


par 


Similarly, 


By equating (26) and (24), we get the development of the determinant in the 
‘right member of (24). If in (24) a,=a, —........=d,—=1, 0<r<n+l1, the deter- 
minant vanishes, and 


(28) > ( 1)": tin Ky + Ky) 


! ! 
Ky Kg Kp 


i. e., the sum of the coefficients in the development of ¢, expressed in terms of 
the a’s vanishes. From (20) we get 


(29) log(1 =f, (aye $f, ty. +f (ayer 


whence 
2b, b, 1 0....0 


(31) —1f,(a)=(—1)" 


*Burnside and Panton, 1. c., p. 298. 
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where with O<r<n+1, the sum of the coefficients of s, (in terms of 6’s)——1, 
and 


1 
Similarly, 

t, 1 0....0 
(88) 2t, ¢, 10..0 


(34) the sum of the coefficients of s, (in terms of the ?’s)=1. 
We may also write (29) and (30) in the forms 
(35) 


and obtain, 


Infact (35) and (36) show that changing s into —s, converts b into t. 
This principle enables us to derive many new relations instantly from given re- 
lations. Thus (38) is derived in this way from (37), and the Newtonian identies 


(39) 8,+ +58;_2b, +rb,—0,t 2, 
yield by this operation at once the analogous relations, 
(40) + Spot, +rt,=0.} 


The principle also yield’s this general theorem : 

Any symmetric function expressed in terms of s’s may be expressed in terms of 
t’s, by. changing s into —s, and then changing b into t, in each s expressed in terms 
of b’s. 


*Burnside and Panton, |. c., p. 298. 

tBurnside and Panton, 1. c., p. 290. 

{This relation has also been observed by L. Crocchi, ‘‘Una relazione fra a funzioni simmetriche 
semplici e le funzioni simmetriche complete.’’ G. Battaglini’s ‘‘Jiornale Mathematiche,’’ etc., XVIII, 
377-380. 
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where the sum of the coefficients is 1, or by (388), 


And the formulas (39) give 


0 

8, 


where by (37), 


K 


Some other relations satisfied by the ¢’s are the following, which are stated 
without details of proof: 


(44) —(D, + + Opty). 


This is obtained by expanding (31) in terms of the elements of the first column, 
and having regard to (24), or by differentiating (29) with respect to x, and 
using (21). 


0S,. 


(45) - ot, 


The first one of these can be obtained by differentiating (81) partially with re- 
spect to b, , and observing (26); the second by the remark following (38). 


Olay 9 


(46) and (47) come from differentiating (21) partially with respect to b,. In 
(46) and (47) we may interchange ¢ and 0. 


7 
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The formulas (40) give also 
0 
= r—1 
| 


(48) YK 


The first formula in (48) comes from combining (45) with the relation 
= — the socond by changing s into —s, and interchanging and ¢. 


0 0 


(49) Ot, =(n+«—1)é, 
(49) can be easily proved by mathematical induction. 


—(b,+5,2? +5,24 +......... ) 
(l—a .... (l—a,?2?) 


(50) =t, 


(50) comes from using z and —z successively in (21). 


—q,ntr—l 
53) II => ! | 
‘ 
*Burnside and Panton, 1. c., p. 304. From this comes the relation 
1, 


*This relation was communicated to me by Professor Gordan. 

tEncy. der Math. Wiss., 1. c., p. 465. 

§l. c., and for a proof of this theorem see Muir’s Determinants, p. 170, §125. 
{Burnside and Panton, |. c., p. 297. See also Ency. der Math. Wiss., 1. c., p. 459. 
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FOUR NEW THEOREMS RELATING TO CONJUGATE 
HYPERBOLAS. 


By REV. ALAN S. HAWKESWORTH, Philadelphia, Pa. 


Theorem 1. The portions of the directrices of conjugate hyperbolas, cut off be- 
tween their common asymptotes, are equal, each to the other [i. e., hh’'=jj']; and sub- 
tend supplementary angles at their respective foci [i. e., Zhsh'’+ Zjfj =180°]. 

Thus, the four quadrilaterals [shch’, and fjcj’], whose diagonals are the 
four directrices and semi-focal distances, are equal in all respects and propor- 
tions; but reverse in direction [ch=jf; sh=cj; Zhsh'= Zjej’; and Z hch'= 
So that the focal distance of each direc- 
trix is equal to the distance from the cen- 
ter, C, of the curve of its conjugate 
directrix ; and vice versa. [xs=cz; and 
ef=cr}. 

Join sh, sh’; fj and fj)’; and draw 
AK and BK, the tangents at the apeci 
Aand B. Then Cs=CK=Cf; CA=Ch; 
and CB=Q)j. Therefore CK:CA::cs:ch; 
and so Chs is a right angled triangle; 
and equal to CKA. And similarly, COK:CB::cf:¢j; so that gf is also a right 
angled triangle; and equal to CKB; and therefore also to CKA, and Ohs. 

And, as the right angled triangles Cjf and Chs are equal in all respects and 
proportions, so also are their doubles, the quadrilaterals shch’ and ¢jfj’. And since 
the angle hch’ is supplementary to both hsh’ and jcj’, therefore angles hsh’' and jcj’ are 
equal; as alsoangles jfj’, and heh’ ; ch=jf; sh=cj, and hh’= yj’; xs-=cz; and zf=cz. 

Theorem 2. The right lines, joining the foci of conjugate hyperbolas, pass 
through the intersections of the conjugate directrices; and cut off, upon each directriz, 
a portion [ll’, and which is double its focal distance [i. e., ll’=2xs; and ll’ =2ef)]. 

Let the two directrices [hh' and jj'] intersect in?. Joimsl and fl. Then, 
since czlz is a parallelogram; lx-=cz=as; and zl=cr=zf. Therefore the right 
angled triangles zs and fel are also isosceles, and the angles zs1, als, 2lf, and 2fl 
equal to each other; and each half of a right angle. 

Therefore sif is one right line, joining the two foci s and f and passing 
through the intersection (1) of the conjugate directrices. While Jl’ equals twice 
lx, and therefore twice zs, and similarly Jl” equals twice Iz, or twice ¢f. 

Theorem 3. If P be the point where the hyperbola is cut by the directrix of its 
conjugate, then P lies on a circle, whose diameter is the focal distance ss’ [i. e., CP= 
Os=Cf in Fig. 1], while its tangent and produced normal, respectively, pass through 
the foci of the conjugate hyperbola. 

Let the conjugate directrix jj’ cut the curve in P. Join CP, and draw Pt’, 
and Pt, the tangent, and produced normal of P; cutting the minor axis in ¢' and t. 

Then, Cz being the abscissa of P on the minor axis, Cz.Ct/=CB*. But 
Oz.Cf also equals CB*. Hence Cf and Ct’ are equal; and ¢’ must coincide with f. 
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The angle ¢’Pt being right, ¢ must similarly coincide with f. And the cir- 
cle, whose diameter is the focal distance ff’, must therefore pass through P, ‘and 
CP=cf=cs. 

And similarly, if p’ be the point of intersection of hh’ with the conjugate 
curve, Cp’=Of=COs; and the tangent and produced normal of p’ will pass through 
s’ and s. 

Corollary A. Therefore any point P, which lies on a hyperbola, equidis- 
tant from the center (c) with the focus (s), must have Cz for its abscissa on the 
minor axis; and f’, f, the conjugate foci, for the intersections with the minor 
axis of its tangent and produced normal, respectively. 

Corollary B. And so again, if the tangent and produced normal of any 
point P on a hyperbola, pass through the conjugate foci of the curve, then such 
point is equidistant from the center C with the foci s, s’, f, and f’; and has the 
distance of the conjugate directrix from the center [%. e., Cz] for its abscissa on 
the minor axis. 

Theorem4. If two confocal conics—an ellipse and an hyperbola—be drawn, so 
that sx of the one equals in magnitude sx of the other, then their right angled intersec- 
tions lie upon a circle, whose diameter is the inter-focal distance [i. e., CP=OS=Cf], 
coinciding, therefore, with the points of intersection of the hyperbola with its four con- 
jugate directrices, and the minor axis [2CB] of these two confocals is common. 

At P, the point of right angled intersection of the two confocals, draw Pt’, 
tangent at P to the hyperbola, intersecting its minor axis in ?’, and its directrix 
inl. And draw Pt, tangent at P to the 
ellipse, intersecting its minor axis in t, 
and its directrix in l’. Join sl, sl’, sP, 
s'P, and CP. 

Then, since in any conic curve the 
. line drawn to the focus s from the inter- 
section of any tangent with the directrix 
is perpendicular to the line of foval dis- 
tance [sP] of such tangent, both /sP and 
U'sP are right angles, Isl’ one right line. 

Then, the angles rsl and Xsl’ being equal; and sz equalling sX, the right 
angled triangles szl end sXT' are equal in all respects, and sl=sl’. 

Therefore, again, the right angled triangles sPl and sPl' are also equal, 
and the angles sPl and sPl' equal, each to the other. Thus, the right angle /PI’ 
has been bisected by sP; and the angle sPl equals half a right angle; and its 
double sPs' one right angle. Then the circle, whose diameter is the inter-focal 
distance ss’, must pass through P, and CP—(Cs—(f. 

But such a point, as the corollary to the last theorem [3. Corollary A] 
shows, must coincide with the intersection of the hyperbola with its conjugate 
directrix [ 7)’]; and its tangent and produced normal must pass through the foci 
L/f] of the conjugate hyperbola. Therefore cz must be the abscissa of P on the 
common minor axis; cf the intercept on the minor axis of the tangent at P on 
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the hyperbola, so that ¢’ and f coincide, and ef the intercept of the produced nor- 
mal at P to the hyperbola, or tangent to the ellipse; so that ¢ and f coincide. 

Then, since the proportion Ct'.Cn—BO* [Cn being the abscissa, and Ct’ 
the intercept of the tangent on the minor axis] belongs to the general conic; and 
since Ct'=Ct=Cf; and On=(z for both the confocals; therefore the third mag- 
nitude CB? must also be fixed and equal in both confocal curves; and 20B be the 
common minor axis of ellipse and hyperbola. 


NOTE ON THE EXPANSION OF DEVERTEBRATE 
DETERMINANTS. 


By ORLANDO S. STETSON, Syracuse University. 

In a paper entitled *‘‘Co-axial Minors of a Determinant of the Fourth 
Order,’’ Dr. Muir obtains what might be regarded as a sort of converse of Cay- 
ley’s Expansion Theorem, viz., a general law for the expansion of an invertebrate 
co-axial minor in terms of the vertebrate co-axial minors of a given determinant 
and the elements of the principal diagonal. Dr. Muir mentions here, also, the 
possibility of presenting this as the ultimate case of a more general law, namely, 
a law for the expansion of a devertebratedt determinant in terms of the elements 
of the principal diagonal of the given determinant and their co-axial minors. 

My attention has been drawn by Dr. William H. Metzler to the desirabil- 
ity of obtaining, if possible, an explicit statement of such a general law. 

The object of this paper is to show how such a general law may be deduc- 
ed. <A slight modification of method will present, algebraically, a general proof 
of Cayley’s Expansion Theorem given in Muir’s Theory of Determinants. { 

Let D= | a; | represent a general determinant of order » and let A be a 
determinant of the following form: 


Expanding A as a determinant with binomial elements, the term indepen- 
dent of the variables 7, ,, 2,5, Will be the given determinant D. 
The coefficients of the variables 7, ,, 9, Tan, are, respectively, the 
principal minors of order (n—1) which we shall denote by A,, Ag, ........ es 
1 2 


Similarly, the coefficients of 2, 9, are, respectively, the 


principal minors of order (n—2) which we designate by A,,, Aj3, ---, An—1.n; ete. 
12 13 n—1,n 


*Transactions of the Royal Society of Edinburgh, Vol. 39, No. 10. 
tk elements of principal diagonal zero, n—k not zero. . 
tMuir, p. 85. 
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The expansion may therefore be written as follows: 


Now, let A; be a devertebrated determinant of which the k zero elements 
in any order are Gr,r,) Substituting in A for Crores 
the values —d;,+,, —Qr,r,, ---» —@nne, and placing equal to zero the remaining 
n—k variables, it becomes evident that the expansion of the devertebrate will 
take the following form: 


+... +( 1)*a, ° 


We obtain, consequently, the following theorem : 

A devertebrated determinant of order n, containing k zero elements may be de- 
veloped with a series of terms, the first of which is the given determinant of order n, 
the next k terms being the products of each of the k elements of the given determinant 
into its co-axial minor, the next 4k(k —1) terms being the products of each pair of the k 
elements of the given determinant into its co-axial minor, etc. The signs of the respec- 
tive terms are negative or positive according as the combination of the k elements are 
odd or even. 

It is worthy of notice that for k=-n, the expansion contains the law for the 
expression of an invertebrate co-axial minor in terms of the vertebrate co-axial 
minors of the given determinant and its principal diagonal elements. 

For this case the expansion formula may be expressed more conveniently 
as follows: 


CAYLEY’S EXPANSION THEOREM. 


Let D represent a given determinant of order n, and let an identity be 
formed as follows: 


(44, 1) ain | 
Fon 
Qn, (Gan—Lnn) +2nn 


Expanding as a determinant with binomial elements and letting A repre- 
sent the determinant formed from the general determinant by subtracting from 
the elements of the principal diagonal, 7, ,, 4, » We have: 


4 
A =D + 3a, + 9A + By q 
' 1 12 1238 
| 

| | 
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Now, placing 2, Lan=Ann, Cayley’s expansion is 
an immediate consequence since the principal diagonals of all the A’s become 
zero. 

As illustrations we may assume— 


Expanding 
1 2 3 4 
12 13 14 | 
23 24 34 
1238 124 
184 234 
For k=1, assume 2,,==—a,,, and place x, then 
A ,=D-a,,A,. 
2 
For k=2, assume ,==—4,1, 444==—4,,, and place z,,=2,,==0, then 
=D A A A ¢ 
1 4 14 
For k=3, assume 7, ,==—4,,, —4,, and place z,,=0, then 
1 2 3 12 18 
23 
For k=4, assume 2, then 
2 4 12 18 
14 23 24 
Syracuse University, March 20, 1904. 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


REMARKS ON No. 99 (Marcu, 1899; Marcu, 1900; APRIL, 1904). 


I. By DR. F. H. SAFFORD, University of Pennsylvania. 

The following method for the six-problem appears to be exhaustive, and 
gives two solutions which appear are independent. 

Consider only those arrangements which contain the natural order 123456 
as the first line. The only admissible sets containing 124 are 124365, 124635, 
124653. This gives only three possible second lines. With each of these pairs 
of lines.a certain number of lines containing 125 may be found which will not 
conflict with the preceding. This method gives finally six sets which are the 
only ones possible, viz. 


A B 0 D E F 
123456 123456 123456 123456 123456 - 123456 
124365 124635 124365 215634 124653 124365 
125463 125643 125643 214536 125364 125643 
126534 126534 126534 615423 126435 126534 
134625 152436 245163 614352 156243 245316 
245163 245136 241536 642513 143625 241635 
241536 241563 246315 316452 245163 246153 
246135 162354 164523 125643 241365 463251 
162354 164523 162354 146235 162354 625413 
465231 625314 253146 314265 164523 623154 


Of these sets at most two are independent. C is the one due to Dr. Jud- 
son. The other five are convertible into each other in various ways. EF is the 
one recently given by Dr. Dickson. 

Adding 1 to each element of A, but noticing that 6 becomes 1, we obtain 
B. Similarly treating B, we get D. 

In A change 5 to 3, 3 to 6, 6 to 5, and the result is H. The addition of 1 
to the elements of E gives F, thus completing the proof of dependence of 
A, B, D, 2, F. OC may be written thus: 


123456 245163 241536 
126534 253 146 251364 
124365 236154 231645 


125643 264135 261453 


| 

is | 
| 4 
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Each set of four will be reproduced by changing 3 to 6, 6 to 4, 4 to 5, 5 to 
3. Also each set of four may be written in two sets of two each, using alternate 
lines, and now each set of two is reproduced by changing 3 to 4, 4 to 3, 5 to 6, 
6 to 5. The other sets possess similar properties. 


II. By DR. L. E. DICKSON, The University of Chicago. 
The independence of Dr. Judson’s solution of the six-problem, 


(J) ABOCDEF, ABDCFE, ABEFDO, ABFEOD, AOCFDBE, 
ACEBFD, ACBEDF, ADEUCBF, ADBFCE, AEDBOF, 


from the solutions obtained by Dr. Safford and myself may be established most 
satisfactorily by group-theory.* Since ABODHF and AFEDCB are regarded 
to form the same seating at a round table, there are 20 arrangements of the 6 
letters each beginning with A. The substitutions by which they are derived 
from the natural order ABCDEF are the following: 


Identity, (BF)(CE); (CD)(EF), (BEDOF); (CEDF), (BCDF); 
(CFDE), (BDEF); (BCFE), (BEFC); (BCEFD), (BD)(CF); (BC)(DE), 
(BFCDE); (BDCE), (BFDC); (BDFEC), (BE)(DF); (BECD), (BFED); 


those of each pair leading to the same seating. These 20 substitutions form a 
group, the Lagrange group (BCEFD),,. By cyclic interchange of A, B, O, D, 
E, F, we may write the 10 arrangements (J) so that they all begin with any 
chosen letter instead of A. There will result a group of order 20 leaving fixed 
this chosen letter. The simplest proof follows from the remark that (ABCDEF) 
transforms the set (J) into itself, giving rise to the permutation (1), (2, 8, 3, 
10, 4, 7)(5, 9, 6) of the arrangements. 

If a new solution (S) is not independent of (J), there exists a substitu- 
tion on A, ........, F which transforms (J) into (S), so that for (8S) also there will 
be a group of order 20 whose pairs of ‘substitutions replace one arrangement by 
the other nine, each written to begin with any chosen letter. Nowfor my solution 


ABCDEF, ABDFEC, ABEOFD, ABFDCE, ACDBFE, 
ACFEBD, ACBEDF, ADECBF, ADCFBE, AEDBOCF, 


i. e., ‘*H”’ in Dr. Safford’s list above, the 20 substitutions are 

Identity, (BF)(CE); (CDF), (BCEFD); (CEFD), (BDCF); (CFE), (BEF); 
(BCD)( EF), (BED)(CF); (BCFDE), (BDEFC); (BC)( DE), (BFCDE); 
(BDCE), (BFDC); (BDFE), (BEC)(DF); (BECD), (BFED), 


and do not form a group since the inverse of (CDF) is not in the set. 


*Group-theory accounts for the properties noted at the end of Dr. Safford’s remarks. 


<_ 
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200. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 


No matter what value x be given, the numerical value of the expression 
(2+2)/( 2x2? +32-+6) can never exceed 4. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
3). ‘The value of this fraction is great- 


est when 
(22? +382+6)=—4 when z—0. 


II. Solution by M. E. GRABER, A. M., = a University, Tiffin, Ohio. 
r+2 __ +3e+6)—42? —1lr—6 
Placing dy/dx—0 and solving we get z=0,—4. By considering the second de- 
rivative it is shown_that «=—0 corresponds to a maximum ; substituting this value 
in y, we find (y),=4. 


Also solved by L. E. Newcomb, Los Gatos, Cal. 


201. Proposed by H. B. LEONARD, B. S., Graduate Student, The University of Chicago, 
Solve by quadratics: 2+y-+ay=75; x? —y?=3815. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
The second equation may be written 


—y?—324—9, or y* —324, 


x 324 75 x 72 


1+2 l+¢e 
=324 + 72t, 
a? + 4t? 
a+2t=18+42t, x=18, 
The other values of x and y cannot be found by quadratics.* 


GEOMETRY. 


226. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 
The triangles ABO, A’B'O’ are in plane perspective, and the corresponding 
sides BO, B’C’, ...., cut in P, Q, R, respectively. AA’, ..., cut the line PQR in 
P’Q'R’, respectively. Show that (PP’, QQ’, RR’) is an involution range. 


No solution has been received. 


*Eliminating y between the two given equations and dividing by x—18 there results x* +202? +45a+ 
330=0. The remaining values of « are therefore obtainable from the solution of this cubic. Ep. 
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227. Proposed by 0. W. ANTHONY, Heaa of Mathematical Department, DeWitt ‘Clinton High School, New 
York City. 


Construct a parallelogram having given a side and the distances of its ver- 
tices from a given point. 


I. Solution by M. E, GRABER, A. M., Heidelberg University, Tiffin, Ohio. 


Let a be the side of the parallelogram ; 6 and c the distances of the given 
point from the extremities of a; and d and e the distances of the given point 
from the side equal and parallel to a, say a’. Construct triangle abc, consider- 
ing a the base, and erect a perpendicular p, from the vertex toa. Construct an- 
other triangle with d and e as sides and a line equal to a as base and determine 
its altitude 7. Then from vertex of triangle abe measure off / on p* and through 
the extremity of J draw a parallel to a and with d and e as radii and the vertex of 
triangle abc as a center, describe ares cutting this parallel.t The intercepted 
parallel is a’. From a and a’ the parallelogram is easily constructed for two 
equal parallel sides determine a parallelogram, and at the same time the distances 
from the vertices to the given point are 0, c, d, and e as specified inthe problem. 


II. Solution by L. E. NEWCOMB, Los Gatos, Cal. 


(1) Let A be the given point; a, 6, c, d the given lines from the vertices 
and » the given side. Construct with sides a, b, m and c, d, n the triangles 
AA,A, and AA, A, respectively. From’A draw AB, AC perpendicular to A,A, 
and A,A, respectively. 

If A lies between the given sides or their extension, prolong CA to B, 
making AB’ equal to AB; from B’ draw B'A,’ parallel to A,A, and make B’A, 
equal to BA,; extend A,’B’ to A,’ making A,’A,’ equal to n. Join A,’A,, 
A,’A,, AA,’ and AA,’. 

Since A,’A,’ and A,A, are by construction each equal to » and parallel 
to each other and since the lines AA,’, A,’A are equal, respectively, to AA,, 
AA,, and AA,’, AA,’, AA,, AA, are respectively equal to a, b, c, d, it follows 
that A,'A,'A,A, is the required parallelogram. 

(2) The case when A lies on the side corresponding to A, A, is easily dis- 
posed of, since AB’ must —0 and A,A,=a-+b. 

(3) If A lies without the given sides: from A lay off on AC AB” equal to 
AB; draw B’A,” equal to BA, and parallel to 4,A,; extend A,”B,” to A,” 
making A,”A,” equal to n; join A,”A,, A,”A,, AA,” and AA,”; 
A,"A,"A,A, is the parallelogram required, the proof being similar to that in 
case (1). 

It is taken for granted in the above solutions that the length of each line 
from A to each vertex is given; otherwise there may be constructed 12 parallel- 
ograms each meeting the conditions. 


*There arise two possibilities according as 1 is laid off in the same direction as p or in the opposite 
direction. Eb. 


tAgain two possibilities arise for we may take the segment on either side of the perpendicular. Ep. 
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III. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let O be the given point,.AB the given side. Let O0A=a, OB=b, OC=c, 
OD=d, AB=e, FA=2z, AD=2z, DG=y, Z OFA=8. 


Then a? =(y+2)? + —2a(y+z)cosé.....(1), 
b?’=(y+2)* +(2+e)* (2), 
+(4+e)* —2y(a +e)cos6......... (3), 

+2? — 2rycos6......... (4). 
From (1) and (2), 
y +2=2c080 + (a? —x?sin® 0) e)cosé 
+p [b? —(v+e)?*sin? @).......... (5). 


From (3) and (4), 
y=(2+e)cos? [c? + (d? —x*sin*@)......... (6). 
Let —e? —b* )=B, 2ce=C, d? —e? —c? =D. 
Then (5) and (6) become after reduction 
A* — (7), 
— D?=[4De(e + x) + O? +4e?(e + x)? @......... (8). 
Eliminating sin@ we get | 
4e?(A2_— B?_ 0? + D*)(e+2)?+4e[ D( A* —B?*) 
—B(C*? — D*)](e+2) = 0? — A? D?........ (9). 
Equation (9) determines x. Then (7) or (8) determines 4, (3) or (4) de- 


termines y, (1) or (2) determines z, and the parallelogram is determined in all 
respects. 


228. Proposed by 0.E. GLENN, A.M.. Fellow in Mathematics, University of Pennsylvania, Philadelphia, Pa. 

Given a point O without a circle 8; two arbitrary lines through O cut Sin 

the points A, A’, and B, B’, respectively. Prove, by pure geometry, that the four 

circles through OAR, OBR, OA'R’, OB'R’, respectively, intersect in points col- 
linear with 0; R and R’ being points upon S arbitrarily chosen. 


No solution has been received. 


CALCULUS. 
179. Proposed by B. F. FINKEL, A. M., Drury College, Springfield, Mo. 

Discuss the integrals of the equation 2(1—z)w"”+[1—(a+6+1)zr]u'—abw 
==0 in the vicinities c—0, and z=1; indicating the form for the latter vicinity 
when a+b=1. Also when 1—a~—b is an integer k. [From Forsyth’s Linear 
Differential Equations, Ex. 6, p. 103]. ; 


| 


Solution by G. B, M. ZERR, A. M., Ph. D., Parsons, W. Va. 


This is the differential equation of the the well known hypergeometric 
series 


ab a(a+1) 0(6+1 a(a+1)(a4+2) 


discussed in Chapter VI of Forsyth’s Differential Equations. / 
If z=0, w=1; if w is divergent; if w is convergent; if 
l1—_a—b=k, a positive integer, w is convergént; if s—1, 1—a—b=k, a negative ~ 
integer or zero, w is divergent; if z=1, a+d=—1 and w is divergent. } 
MECHANICS. 
167. Proposed by EDWIN S.CRAWLEY, Ph.D., Professor of Mathematics in the University of Pennsylvania 


An anchor ring or torus is produced by the revolution of a circle of radius r, the 
center of the revolving circle describing a circle of radius R. A quadrant of the torus is 
cut by two planes through the center of the ring perpendicular to each other and perpen- 
dicular to the plane of revolution. _Determine the limiting value of the ratio R:r, so that 
when the quadrant thus formed is placed with one of its ends in coincidence with a hori- 
zontal plane it will rest in that position. 


IV. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


Let the circle radius 7 revolve around the line GH at a distance R from its 
center, through an angle 20=37. Let OM=x, MP=y, MN=dxz. 

The figure PQpq will, by revolution, generate a quadrantal-cylindrical 
shell whose volume is ultimately 2yzzdx. The center of gravity of this shell will 
wsind 2a,/2 


be on the axis of X at a distance a from 0. 


R+r R+r 
= 
R+-r R+r 
f f xydx 
R-r R-r 
R)?1d 
r? 


° 
[r? —(a@—R)?* ]dx 
R—r 
_4R*+r? 
or FD=— 


Also FK=R, DK=r. By the conditions of the problem, 
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DIOPHANTINE ANALYSIS. 


121. Proposed by L.E. DICKSON, Ph.D., Assisstant Professor in Mathematics, The University of Chicago. 
Find a formula for the solutions of x?-+-y* =1 (modp) Valid in all cases 
p>2. 
I, Solution by the PROPOSER. 
Let e=+1 according as par +1, i. e., according as —1 is or is not the 
square of an integer i modulo p. Then the desired formula is 


+ y=5 (¢ =), where z?-*=1. 


The proof is evident when i is an integer. In the contrary case, i?=-—1 defines 
the GF[ p*] in which z?+1=1 has p+-1 solutions z. Let «+iy=z, whence 
=r+iryse?, 

II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 


This is equivalent to finding a general formula for x? +-y? —pz=1. 


r2=+s?—t? 4 
(r? +8) 

rt? r? +3? _ 
(r? +8?)?2 (r? +s? + (2). 

Both (1) and (2) are general formulae satisfying the conditions. 


Let p=r* m==ri, n=st. 


or 


‘ GROUP THEORY. 


oh 4. Proposed by SAUL EPSTEEN, Chicago, Iil. 

Find the four-parameter continuous group which leaves invariant 
) Solution by the PROPOSER. 
Writing +4, 42, 

and expressing the condition that z,’*—z,‘z,’=2,? — 2,2, we obtain six equations 
for fhe nine quantities a, (i, j=1, 2, 3). Expressed parametrically, 


6, 
@y,=AC, a,,=bd, 
a,,=d*, 
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with the condition (ad—bc)*=1; for, considering the group G: 
z,’=a*x,+2abr, +b°2,, 
+bdz,, 
it is easily seen that (x2 —2,2,). 
But is x,? —z,2,=0, the condition (ad—bc)?—=1 may be removed, thus ob- 
taining a group of four parameters. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


205. Proposed by G. B.M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Express in the form of radicals the roots of the equation: 
+ +-450m427 +378m 5x5 + 140m ox? 2r=—0. 
206. Proposed by L. E. NEWCOMB, Los Gatos, Cal. 
The product of a certain pair of roots of z*+azr* +br?+amx+m?=0, is 
equal to the product of the remaining pair. 
207. Proposed by A. J. PAULSEN, San Francisco, Cal. 
Solve 24 ; r+ y=a. 


GEOMETRY. 


233. Proposed by S. F: NORRIS, Professor of Mathematics, Baltimore City College, Baltimore, Md. 
If from any point on a circle circumscribed about a triangle perpendiculars 
are dropped to the sides of the triangle, the feet of these perpendiculars lie on a 
line. [Ashton’s Plane and Solid Analytic Geometry, page 87, 11th example]. 


234. Proposed by M. E. GRABER. A. B., Instructor in Mathematics and Physics in Heidelberg University, 
Tiffin, Ohio. 


Find the curve which is reciprocal to a circle and define it as a locus. . 
235. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 
Any point on an ellipse is joined to the corners-of an inscribed square. 
Find the anharmonic ratios of the pencil so formed. 
CALCULUS. 
181. Proposed by S. F, NORRIS, Baltimore, Md. 
1+2* 
example, second part]. 


Integrate dy== [From Olney’s Integral Calculus, page 116, third 
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182. Proposed by A. H. HOLMES, Brunswick, Maine. 


0 


MECHANICS. 
170. Proposed by ELISHA S. LOOMIS, Berea, Ohio. 

Two angles of iron, A,CD and A,CA,, move freely on a pivot at C. Rods 
B,A, and B,A, are attached respectively at A, and at some point A, so that 
when B, moves along the rod OR, which is perpendicular to A,A,, CD and CA, 
shall coincide in position with CH which is perpendic- 
ular to rod KR. When angle A, CD is 135° find CA, in 
terms of CA,. 

Also find the following: 

1. That value of CB, which will require least ef- 
fort exerted at B, to cause CA, to take the position CA,. 

2. That value of CB, which will cause B,A,, if produced, to pass through 
the point A,. 

3. As OB, varies in value, what is the locus of the intersection of A,B, 
and A,B,? Of B,A, and B,A,? 

4. Suppose angle A, CD to be any other angle than 135°, then find CA, 
in terms of CA,. 


GROUP THEORY. 


5. Proposed by L, E. DICKSON, Ph. D., The University of Chicago. 
In lieu of the incorrect developments of Burnside, Theory of Groups, pp. 


56-58, show that an Abelian group of type (m,, mg, .......... M,), M4 SM Sm,, 
has a subgroup of type Sn,, if and only if s=r, 
nem, (i=1, ........ 

MISCELLANEOUS. 


145. Proposed by H. F. MacNEISH, Chicago. Ill. 
Two complete 5-plane configurations in space having the same vertices are 
identical; in general two complete (n+2)-faces in -space having the same ver- 
tices are identical. 


NOTES. 


Dr. H. L. Rietz has been promoted to an assistant professorship at the 
University of Illinois. 


| 
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J. H. Tanner and James McMahon have been promoted to full professor- 
ships in Mathematics at Cornell University. 


Dr.. G. A. Bliss of the University of Chicago has been appointed to an 
assistant professorship at the University of Missouri. 


Mr. A. W. Whitney and Dr. D. N. Lehiner have been promoted to Assis- 
tant Professorships of Mathematics at the University of California. 


The San Francisco Section of the American Mathematical Society will hold 
its sixth meeting on October 1, 1904, at the University of California. 


Prof. D. N. Lehmer of the University of California, is preparing, under 
the auspices of the Carnegie Institution, a table of the smallest factors of all 
numbers up to ten million. 


Dr. Robert E. Moritz, of the University of Nebraska, has been elected 
Professor of Mathematics in the University of Washington to sueceed Prof. 
Arthur Ranum who has resigned. 


Mr. Frank Gustave Radelfinger, Assistant Professor of Mathematics in 
the Washington University and a practising patent attorney, died at Washington 
on August 15, at the age of thirty-four years. 


BOOKS. 


Rational Geometry. By Prof. George Bruce Halsted. John Wiley & Sons, 
publishers, 1904. A text book of the usual elements of geometry based on Hil- 
bert’s ‘‘Foundations.’’ 

The modern standpoint permits many simplifications in the development of geomet- 
rical theory, of which our author skillfully avails himself. Of the many notable features 
of this book it suffices to mention only the treatment of Proportion, Equivalence, Areas, 
Volumes, Pure Spheries, the absence of the theory of limits, of a continuity assumption, 
the presence of the ruler as a sect-carrier displacing the compasses. This volume of 285 
pages contains all that is essential to a course in elementary geometry. The language is 
simple, the logic exact, the exposition masterly, as was to be expected from Dr. Halsted. 
The book seems admirably adapted to class use. The already great indebtedness of teach- 
ers of geometry to Dr. Halsted has been manifoldly increased by the publication of this 
book, which, in the opinion of the writer and with no intended disparagement of others, is 
the most important contribution to the text-book literature of elementary geometry 
which has appeared. And now that the way has been opened may we not hope that the 
teachers of geometry in the secondary schools and colleges will see to it that the present 
generations of pupils shall receive the benefits rightly accruing to them through the pro- 
found researches of the present and last centuries on the foundations of geometry. 

T,. E. MoKrnney, Marietta, Ohio. 


Errata (in June-July No.) 


Page 146, line 5, for 9mz‘z read 9mz+. 
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ON COMPLETE SYMMETRIC FUNCTIONS. . 


By DR. E. D. ROE, JR., Syracuse University. 


PART III. PROBLEMS AND TABLES. 


1. Suppose we are asked to find the coefficient of z in the development 
z*—82+2 

follows: 
+1 A 3 


As we can find the roots of the denominator, we may proceed as 


whence the coefficient of x” is easily found to be 2—3.2-"-!. But suppose the 
degree of the denominator is greater than 2; it will then be generally difficult to 
find the roots, and a general equation of degree greater than four cannot be 
solved algebraically. We recur to the example stated in (17). We have by 
using (21), 


+20, 


X(t, + 
whence 


(55) the coefficient u,_, of , + 2¢,t-2+ 
or by regarding (21), we see that it can be expressed as 


‘ 
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